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Abstract 
Behrendt, G., The lattice of antichain cutsets of a partially ordered set, Discrete Mathematics 
89 (1991) 201-202. 
Every finite lattice is isomorphic to the lattice of antichain cutsets of a finite partially ordered 
set whose chains have at most three elements. 
A subset A of a partially ordered set (X, C) is called an antichain if any two 
distinct elements of A are incomparable, it is called a cutset if for every maximal 
chain C of (X, S) we have A n C # 0, and it is called an antichain cutset if it is 
both an antichain and a cutset. Let A(X), MA(X), AC(X) be the set of 
antichains, respectively maximal antichains, respectively antichain cutsets of 
(X, G). For A, B EA(X) define A G B if only if for each a E A there exists b E B 
such that a s b. Higgs [2] showed that AC(X), with the induced order, forms a 
distributive lattice, and that every finite distributive lattice can be represented in 
this way. The author [l] proved that if (X, G) is finite then MA(X), with the 
induced order, forms a lattice and for every finite lattice (L, S) there exists a 
partially ordered set (X, G) whose chains have at most two elements, such that 
(L, S) is isomorphic to (MA(X), s). I n view of this result, it is interesting to see 
whether a similar bound can be given in the representation of distributive lattices 
as lattices of antichain cutsets (the construction given by Higgs does not provide 
such a bound). It is not hard to see that if (X, S) is a partially ordered set whose 
chains have at most two elements then (AC(X), 5) is isomorphic to the full 
power set of some set. Therefore the best possible result would be chains with at 
most three elements, and this can be achieved indeed. 
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Theorem. Let (X, S) be a finite partially ordered set. Then there exists a finite 
partially ordered set (Y, 6) whose chains have at most three elements and whose 
lattice of antichain cutsets is isomorphic to the lattice of order ideals of (X, 6). 
Proof. Let 0 and 1 be two objects not contained in X. Let 
Y = (X x (0, 1)) u {(x, y) E x2 1 x < y}. 
We define a partial order on Y by giving the nontrivial order relations as follows. 
Let (x, 0) < (y, 1) whenever x GY, and let (x, O)<(x, Y) and (x,Y)<(Y, 1) 
whenever x < y. First note that the maximal chains of (Y, S) are just the sets 
C(x) = {(x, O), (x, 1)) f or x E X and D(x, Y) = {(x, O), (x, Y), (Y, 1)) for x, Y E X 
with x < y. Let Z be an ideal of (X, G). Define 
A(Z) = ((~9 0) 1 x E X\Z} u {(x, 1) 1 x E Z} 
U {(x, y) 1 x E I, y E X\Z and x <y}. 
It is easy to see that A(Z) is an antichain cutset of (Y, G). Now let A be an 
antichain cutset of (Y, =s). As A has to meet every chain C(x) in exactly one 
element, it follows that there exists a subset Z G X such that 
{(x,0) IxEX\Z} U {(x, 1) IxEZ}GA. 
LetxEZandx’EXwithx’<x. Ifx’eZthen {(x’,O),(x,l)}~A and(x’,O)< 
(x, l), which is a contradiction to A being an antichain. Therefore x’ E I, and thus 
Z is an ideal. Now let x E Z and y E X\Z be such that x < y. Then A must meet the 
chain D(x, y). But (x, 0) $A and (y, 1) 4 A, and thus we must have (x, y) E A. 
We thus have A = A(Z), and the mapping Z -A(Z) is a bijection between the 
ideals of (X, G) and the antichain cutsets of (Y, I). Finally, it is easy to see that 
this mapping is an order-isomorphism, which concludes the proof. Cl 
Using the well-known fact that every finite distributive lattice is isomorphic to 
the lattice of order ideals of a finite partially ordered set, we immediately get the 
following corollary. 
Corollary. Every finite distributive lattice is isomorphic to the lattice of antichain 
cutsets of a finite partially ordered set whose chains have at most three elements. 
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